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This paper presents a ﬁnite element method (FEM) implementation of a rod model for single-walled car-
bon nanotubes (SWNT), which is based on an extension to the special Cosserat theory of rods (Kumar and
Mukherjee, 2011). The model allows deformation of a nanotube’s cross-section in a one dimensional
framework and hence is an efﬁcient substitute to the commonly used two dimensional shell models
for nanotubes. The model predicts a new coupling mode in chiral nanotubes - coupling between twist
and cross-sectional shrinkage implying that the three deformation modes (extension, twist and cross-
sectional shrinkage) are all coupled to each other. The material parameters of this rod model are
estimated using both the density functional based tight binding (DFTB) method as well as using the
Tersoff–Brenner inter-atomic potential. A discrete variational approach is combined with a Newton-
Raphson iterative method to solve the geometrically nonlinear rod model. Several numerical results
are presented illustrating coupling between different deformation modes of a SWNT as well as its Euler
buckling.
 2012 Elsevier Ltd. All rights reserved.1. Introduction the accuracy of atomistic simulations with the efﬁciency of contin-Characterization of mechanical behavior of CNTs has been car-
ried out using traditional continuum mechanics (usually linear or
nonlinear elasticity e.g. (Govindjee and Sackman, 1999; Lu, 1997;
Ru, 2000; Li and Chou, 2004) or atomistic simulations (ab initio, ﬁrst
principles, empirical or semi-empirical)). Ab initio approaches
(Cramer, 2004) provide approximate solutions to Schrodinger’s
equation. First principles approaches, e.g., density function theory
(DFT) is another way to perform electronic structure calculations
(Hohenberg and Kohn, 1964; Kohn and Sham, 1965). CNT based sys-
tems have also been extensively studied using empirical potentials
(Lennard-Jones, 1931; Tersoff, 1988; Brenner, 1990; Brenner et al.,
2002). Various approaches have been developed that attempt to
exploit the beneﬁts of ab initio and empirical approaches – these
are called semi-empirical methods e.g. the density functional based
tight-binding approach DFTB (Elstner et al., 1998; Frauenheim
et al., 2002; Chandraseker et al., 2009; Kumar et al., 2011).
In general, CNT models based on traditional continuum
mechanics can be inconsistent or inaccurate (Yakobson et al.,
1996; Ru, 2000; Fang et al., 2011), while atomistic simulations
can be prohibitively expensive. Atomistic-continuum models e.g.
the quasi-continuum approach, originally proposed for bulk crys-
tals (Shenoy et al., 1999; Tadmor et al., 1999) attempt to combinell rights reserved.
; +1 607 255 2011.uum models. This approach has been applied to CNTs (Zhang et al.,
2002; Jiang et al., 2003; Chandraseker and Mukherjee, 2006, 2007;
Chandraseker et al., 2006, 2009; Arroyo and Belytschko, 2004; Wu
et al., 2008; Chang, 2010).
At relatively long length scales, it makes sense to propose a one-
dimensional model for a single-walled carbon nanotube (SWNT).
Indeed, Buehler et al. (2004) show that as the length of a nanotube
increases, the nanotube makes a transition from shell to rod and
then ﬁnally to a wire, at which stage it can potentially undergo
self-folding (Buehler, 2006; Zhou et al., 2007). For such long nano-
tubes, one-dimensional models are attractive for both theoretical
modeling as well as numerical simulation. Chandraseker et al.
(2009) proposed a Cosserat rod model (Antman, 1995) for a SWNT
that can capture large deformations of SWNTs. This model includes
all deformation modes such as bending, twisting, extension and
shear, aswell as coupling between extension and twist and between
shear and bending. In Chandraseker et al. (2009), the continuum
elastic strain energy density of a SWNT is written in terms of strain
measures that capture the aforementioned extension, twist, bend-
ing and shear deformation. The six material parameters for an
(assumed) quadratic strain energy density function for a (9,6) chiral
SWNT are obtained fromunit cell atomistic simulations (DFTB) over
a range of deformation magnitudes and types. Fang et al. (2011)
have carried out a ﬁnite element method (FEM) implementation
of a Cosserat rod model of a SWNT (with a rigid cross-section),
ubjected, in general, to axial and transverse loads, aswell as bending
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geometric and material nonlinearities. A major limitation of this
model (Chandraseker et al., 2009), however, is that the cross-section
of a SWNT is assumed to be rigid. This not a good assumption since
lateral surface deformations of SWNTs have been shown to be
igniﬁcant (Arroyo and Belytschko, 2004; Pantano et al., 2004).
Also, the radial modulus of a SWNT has been shown to be
comparable to its axial stretch modulus (Kumar et al., 2011).
Vu-Quoc and Ebcioglu (2000, 2005) have proposed geometri-
cally exact beam, plate and shell models with deformable layer
thickness. Large deformation and large overall motion of multi-
layer structures are allowed in this model. Beams and 1-D plates
are discussed in Vu-Quoc and Ebcioglu (2000) while multi-layer
shells are the topic of Vu-Quoc and Ebcioglu (2005). It is noted,
however, that the work on shells (Vu-Quoc and Ebcioglu, 2005)
is not directly related to the present work. Gould and Burton
(2006) proposed a modiﬁed Cosserat rod model with deformable
cross-sections. In addition to failing to capture the Poisson cou-
pling between axial stretch and cross-sectional shrinkage, their
model was also limited to isotropic and linear material behavior.
Their model also assumes that the deformation of a cross-section
is decoupled from other deformation modes such as bending,
twisting or axial stretching of the tube. To address these limita-
tions, Kumar and Mukherjee (2011) proposed a new rod model
that allows deformation of cross-sections. Using symmetry argu-
ments, they also derived its quadratic strain energy density form
which accounts for all the relevant coupling modes reported in
Chandraseker et al. (2009). In addition, it also accounts for the
presence of coupling between cross-sectional and other deforma-
tion modes such as the Poisson coupling between axial stretch
and cross-sectional shrinkage and coupling between twist and
cross-sectional shrinkage. The quadratic strain energy density in
this model has 12 parameters. These parameters are obtained in
Kumar et al. (2011). It is important to mention here that the results
reported in Kumar et al. (2011) have an important limitation, i.e.,
periodic boundary conditions imposed in the DFTB simulations
suppress any induced twist that is typically generated when a chi-
ral nanotube is axially stretched. As a result, the extension–twist
coupling parameter turns out to be nearly zero. The value of this
parameter is recalculated in the present paper. This matter is dis-
cussed later in this paper.
This paper presents a FEM implementation of (9,6) chiral and
(10, 10) arm chair SWCNTs using a modiﬁed Cosserat rod
model that also allows its cross-sections to deform (Kumar and
Mukherjee, 2011; Kumar et al., 2011). Kinematics of the model is
presented in the next section. This is followed by a discussion of
the weak form of the governing equations. Numerical results for
several examples follow next where the emphasis is placed
on (1) coupling between extension, twist and cross-sectional
deformation and (2) global buckling of a (10,10) chiral SWNT. A
concluding remarks section completes the paper.1
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Fig. 1. A typical rod undergoing deformation from its straight state reference
conﬁguration.2. Kinematics and strain measures for a rod model including
deformation of its cross-sections
This section presents the kinematics of static deformation of a
rod model including deformation of its cross-sections (Kumar
and Mukherjee, 2011; Kumar et al., 2011). The deﬁnition of strain
measures and the associated physical explanations are discussed
below.
The rod model proposed by Kumar et al. (2011) can be
described as an extension to the special Cosserat theory of rods
(Antman, 1995). The model in Kumar and Mukherjee (2011) allows
the cross-section to deform anisotropically and also undergo
in-plane cross-sectional shearing. Let fe1; e2; e3g denote a ﬁxed,right-handed, orthonormal basis for R3. The coordinates of a
material point on the rod in its straight state reference conﬁgura-
tion are denoted with X ¼ ðX1;X2; sÞ. Here, X1;X2 describe the
cross-sectional coordinates and s is the arc-length coordinate of
the centerline of the rod in its reference conﬁguration.
Here, the deformation map for this rod model can be written as:
xðXÞ ¼ rðsÞ þ XadaðsÞ ð1Þ
In this expression, r represents the position of the centerline of a rod
while da, in which a sums from 1 to 2, represent two directors on a
cross-section in the deformed conﬁguration. Fig. 1 shows both the
undeformed and deformed shape of a rod. The two directors da that
span a cross-section are allowed to become non-orthogonal after
deformation. The deformation map for the directors can be written
as:
diðsÞ ¼ RðsÞUðsÞei; for i ¼ 1;2;3 ð2Þ
This transformation could be decomposed into a product of the
three dimensional rigid rotation of a cross-section (R) and its in-
plane cross-sectional deformation (U). The matrix U is symmetric
and positive deﬁnite. The matrix form is shown in the expression
(3) below. This is an improvement from standard Cosserat rod
theory in which U is taken to be the identity. This transformation
(3) keeps the third director unit-normed and perpendicular to the
cross-section.
UðsÞ ¼
aðsÞ cðsÞ 0
cðsÞ bðsÞ 0
0 0 1
2
64
3
75 ð3Þ
Here, the eigenvectors of the matrix U deﬁne the two directions in
which the cross-section is stretched. The magnitude of this stretch
is deﬁned by the respective eigenvalue of the matrix U. By introduc-
ing the U matrix, the cross-section is allowed to become an ellipse
with its axes aligned along the eigenvectors of U. Here, c is a scalar
representing in-plane cross-sectional shearing or ‘‘degree of non-
orthogonality’’ of the cross-sectional directors. Orientation of the
axes of ellipses is also governed by c. In cases when c is zero, a
and b are the positive scalars that represent stretching of the two
cross-sectional directors. These three new ﬁeld variables are
responsible for lateral surface deformations of a rod.
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deformation gradient. Here, v ¼ RTr0 is a 3-vector (v ¼ m1; m2; m3T ),
the ﬁrst two components of which represent shear while the third
component represents axial stretch. Similarly, K ¼ RTR0 is a skew
symmetric matrix whose axial vector k (k ¼ ½j1;j2;j3T ) is also a
3-vector, the ﬁrst two components of which represent components
of the local bending curvature while the third component repre-
sents twist. There are additional strain measures due to deforma-
tion of a cross-section:
z ¼
a
b
c
2
64
3
75 and z0 ¼
a0
b0
c0
2
64
3
75 ð4Þ
The strains z0 only appear for the case that the cross-section is non-
uniformly deformed. The strain energy density per unit of unde-
formed length can now be written as a function of these strain mea-
sures as:
Uðv; k; z; z0; sÞ ¼
Z
X
WðF; sÞdX ð5Þ
Here,W denotes the strain energy per unit of undeformed volume, F
denotes deformation gradient, and X denotes the undeformed
cross-section of a rod. Healey (2002) proposed that the strain en-
ergy density be assumed to be quadratic. Kumar and Mukherjee
(2011), using symmetry arguments, derived the mathematical form
of the strain energy density per unit undeformed length for a chiral
rod; the same is shown below for the sake of completeness.
UchiralðÞ¼12 AjajaþBj
2
3þCmamaþDðm31Þ2
h
þ2Eðm31Þj3þ2Fmajaþ2Gðm31Þ aþb2 1
 
þ2Hj3 aþb2 1
 
þ I aþb
2
1
 2
þ J ða1Þðb1Þc2 
þK a
0 þb0
2
 2
þL a0b0 c02
 #
ð6Þ
The physical meanings of the twelve parameters in (6) are as
follows:
 A: bending modulus
 B: twist modulus
 C: shear modulus
 D: axial stretch modulus
 E: coupling coefﬁcient between extension and twist
 F: coupling coefﬁcient between shear and bending
 G: Poisson coupling between axial stretch and average
cross-sectional stretchTable 1
Material parameters for (9,6) and (10,10) SWNT.
Parameter Physical meaning
A Bending modulus
B Twist modulus
C Shear modulus
D Axial stretch modulus
E Coupling coefﬁcient : extension and twist
F Coupling coefﬁcient : shear and bending
G Poisson coupling : axial and x secn. stretch
H Coupling : twist and x secn. stretch
I Average cross-sectional stretch modulus
J Change of cross-sectional area modulus
K Penalty for variation in x secn. strains
L Penalty for variation in x secn. strains H: Poisson type coupling between twist and average cross-
sectional stretch
 I: average cross-sectional stretch/ cross-sectional size
modulus
 J: cross-sectional area change (of 2nd order) modulus
 K, L: penalty for variation in the cross-sectional strains a, b
and c along the length of a rod
In case of achiral or isotropic rods, the coupling terms (E, F, H) in
(6) would vanish. The coupling between twist and average cross-
sectional stretch (corresponding to the parameter H) is a new type
of coupling for chiral rods. Often, rods are assumed to be unshea-
rable (Kumar and Healey, 2010) and, in this case, the terms corre-
sponding to C and F in (6) can be neglected. Invoking strong
ellipticity from nonlinear elasticity, the parameters in the energy
expression (6) can be shown to satisfy the following inequality
constraints in order for a rod to be materially stable (Kumar and
Healey, 2010; Kumar and Mukherjee, 2011). These inequality con-
straints were derived in Kumar and Mukherjee (2011) and are also
shown below:
 A > 0, B > 0, C > 0, D > 0, I > 0, J < 0, K > 0, L < 0
 AC  F2 > 0, BD  E2 > 0, K >j L j
The quadratic strain energy density from (6) contains twelve
parameters. The six parameters (A–F) were estimated for a (9,6)
carbon nanotube by Chandraseker et al. (2009). The remaining six
parameters (G–L) were estimated by Kumar et al. (2011). The values
of thematerial parameters for a (9,6) and a (10,10) SWNT, used in the
present paper, are given in Table 1. It is noted that the values of the
(9,6) parameters in Table 1 have been obtained from two different
sources –DFTB and Tersoff–Brenner potential. For example, the value
of the extension-twist coupling parameter E for a (9,6) SWNT, which
was nearly zero from DFTB, has been revised using the Tersoff–
Brenner potential (Kumar, submitted for publication). The material
parameters for the (10,10) SWNT have been obtained from the
Tersoff–Brenner potential (Kumar, submitted for publication).
In some previous work (Geng and Chang, 2006; Fang et al.,
2011), material parameters for SWNTs have been assumed to be
functions of strains. This amounts to a limitation of assumption
of the quadratic strain energy model (6). In the present work, how-
ever, in the interest of simplicity, the parameters A–L are assumed
to be constant for a given SWNT. Thus, the present model is geo-
metrically nonlinear but materially linear.
3. Equations of equilibrium
Nine unknown ﬁeld variables have been presented in the
previous section: three variables corresponding to the centerlineValue (9,6) Value (10,10) Units
7.405 829.9 Ha Å
480.946 391.9 Ha Å
10.195 7.3 Ha=Å
31.02 28.19 Ha=Å
0.8257 0.0 Ha
0 0.0 Ha
9.91 11.7 Ha=Å
0.6124 0.0 Ha
52.5 45.5 Ha=Å
17.9 17.3 Ha=Å
163.4 378.7 Ha Å
150.4 356.4 Ha Å
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cross-section R and three for in-plane cross-sectional deformation
z. To solve for these variables, nine equations are needed. The ﬁrst
six equations are the usual linear and the angular momentum
balance equations as in the special Cosserat rod theory:
LMB : n0 þ f ¼ 0
AMB : m0 þ r0  nþ g ¼ 0 ð7Þ
Here n ¼ R @U
@v and m ¼ R @U@k denote the internal contact force and
the internal moment acting at a cross-section, while f and g denote
the distributed force and the distributed couple per unit of unde-
formed length, respectively, acting along the length of rod. The last
three equations were proposed in Kumar et al. (2011) as:
Q 01  q1 þ r1 ¼ 0 ð8Þ
Q 02  q2 þ r2 ¼ 0; ð9Þ
Q 03  q3 þ r3 ¼ 0: ð10Þ
If one writes Q ¼
Q1
Q2
Q3
2
4
3
5, q ¼ q1q2
q3
2
4
3
5 and r ¼ r1r2
r3
2
4
3
5, the three addi-
tional equations can be written in compact form as:
Q 0  qþ r ¼ 0 or; @U
@z0
 0
 @U
@z
þ r ¼ 0 ð11Þ
Here, Q1 ¼ @U@a0, Q2 ¼ @U@b0 and Q3 ¼ @U@c0 are the conjugate forces associ-
ated with cross-sectional deformations a0; b0 and c0. Similarly,
q1 ¼ @U@a , q2 ¼ @U@b and q3 ¼ @U@c are the conjugate forces associated with
cross-sectional deformation parameters a; b and c. The distributed
conjugate forces are:
r1 ¼ e1 RT
Z
@X
X1Pmþ
Z
X
X1q0b
 	
r2 ¼ e2 RT
Z
@X
X2Pmþ
Z
X
X2q0b
 	
r3 ¼ e2 RT
Z
@X
X1Pmþ
Z
X
X1q0b
 	
þe1 RT
Z
@X
X2Pmþ
Z
X
X2q0b
 	 ð12Þ
Thus (7) and (11) together form a complete set of nine ordinary dif-
ferential equations. The set of ODEs can be solved using a varia-
tional formulation. This approach is presented in the next section.
4. Variational formulation to solve the system of ODEs
In order to solve Eqs. (7) and (11), a weak form of the equilib-
rium equations (which enables the unknowns to belong in the
space C1 compared with C2 in strong form) was proposed by Kumar
et al. (2011).
The unknowns that need to be solved for are rðsÞ;RðsÞ and z(s)
in C1. Now deﬁne hðsÞ as a vector directed along the axis of rotation
of RðsÞ. Accordingly, hðsÞ denotes the angle of rotation. Further, let
HðsÞ be a skew symmetric matrix whose axial vector is hðsÞ. Then,
RðsÞ ¼ expðHðsÞÞ. Assuming absence of lateral traction or body
force, one arrives at the following ‘‘spatial’’ weak form:
G 
Z 1
0
n0  g0 þ m0 þ r0  nð Þ  wþ Q 0  q
 
 kds ð13Þ
Here, gðsÞ  ðg0ðsÞ;wðsÞ; kðsÞÞ are the admissible test functions (arbi-
trarily smooth). Also, g0 and w correspond to smooth variations of r
and h, respectively, whereas k corresponds to smooth variation in
the cross-sectional strain measure z. These functions may vanish
at the boundary. Then (13) is integrated by parts to get:
G 
Z 1
0
n  g00  w r0

 þm  w0 þ Q  k0 þ q  kh ids
 n  g0 þm  wþ Q  k

 1
0 ð14ÞThe boundary terms n  g0 þm  wþ Q  k

 j10 in the expression (14)
will vanish for Dirichlet problems (or free boundary problems) as
the admissible smooth test functions (or the stress resultants)
vanish at the boundary in such cases. It should be noted that the
boundary terms in the expression (14) could render DG, the linear-
ized part of G (the tangent stiffness operator), non-symmetric in the
case of non-conservative problems (Kumar and Mukherjee, 2011;
Simo and Vu-Quoc, 1986).
In order to linearize the weak form, let /ðsÞ ¼ ðrðsÞ þ MrðsÞ;
expðMhðsÞÞRðsÞ; zðsÞ þ MzðsÞÞ be the perturbed conﬁguration of a
rod about any conﬁguration /ðsÞ ¼ rðsÞ;RðsÞ; zðsÞð Þ. Hence, using
Taylor’s expansion:
Gð/;gÞ ¼ Gð/;gÞ þ DGð/;gÞ M/½  þ o j M/ jð Þ ð15Þ
The discrete form of expression (15), obtained by the ﬁnite element
procedure, is carried out in the following section. The static equilib-
ria are obtained through Newton’s iterative method. Below we
show an expression for the tangent stiffness operator whose deriva-
tion follows along the lines of Simo and Vu-Quoc (1986). Following
their notation Simo and Vu-Quoc (1986), deﬁne:
~Cð99Þ ¼
@2U
@v2
@2U
@v@k
@2U
@v@z0
@2U
@k@v
@2U
@k2
@2U
@k@z0
@2U
@z0@v
@2U
@z0@k
@2U
@z02
2
6664
3
7775; Pð66Þ ¼ R 00 R
 	
; ET66ð Þ ¼
1 dds r
0
0 1 dds
" #
Czð93Þ ¼
@2U
@v@z
@2U
@k@z
@2U
@z0@z
2
6664
3
7775; C 1212ð Þ ¼
~C Cz
CzT @
2U
@z2
" #
Thus:
DGð/;gÞ M/½  
Z 1
0
EP 0ð63Þ 0ð63Þ
0ð36Þ 1 dds 1
 	
C
EP 0ð63Þ 0ð63Þ
0ð36Þ 1 dds 1
 	T
M/ g
þ 0 n
0 m
 	 Mr0
Mh0
 	
ET g0
w
 	
þ nMr00

  wds ð16Þ
The tangent stiffness operator (16) resembles structurally the one
proposed by Simo and Vu-Quoc (1986). As a result, an analogous ﬁ-
nite element method formulation can be carried out here.
5. Finite element formulation
In this section, a ﬁnite element formulation is presented based
on the variational equations discussed in the previous section. De-
tails of the discretization and ﬁnite element arrays will be consid-
ered ﬁrst. The updating procedure using the Newton–Raphson
method is examined subsequently.
5.1. Discretization of the domain
Consider a standard ﬁnite element discretizaion on the 1-D
domain ½0; L ¼Pni¼1hi, where n is the number of elements and
hi ¼ L=n denotes the typical length of each element. Accordingly,
let D/h ¼ ðDrh;Dhh;DzhÞ be the incremental ﬁeld superposed onto
the conﬁguration U. The incremental ﬁeld in terms of shape func-
tions can be formulated as:
DrhðsÞ ¼
X2
i¼1
NiðsÞDriðsÞ;
DhhðsÞ ¼
X2
i¼1
NiðsÞDhiðsÞ;
DzhðsÞ ¼
X2
i¼1
NiðsÞDziðsÞ
ð17Þ
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i, and riðsÞ; hiðsÞ and ziðsÞ are the nodal incremental variables of the
centerline position, rotation of cross-section and cross-sectional
deformation at node i. In this paper, a rod element has two nodes.
Linear shape functions are used here:
N1 ¼ hi  shi ; N2 ¼
s
hi
ð18Þ5.2. Discretization of the linearized weak form
Now consider the linearized weak form. The linear part of the
weak form at the conﬁguration / can be expressed as:
DGhð/h;ghÞ½D/h ¼ Phð/Þ  gh ð19Þ
where Phð/Þ denotes the unbalanced force vector in a typical ele-
ment. Neglecting the body force, the unbalanced nodal force in a
typical element has the following expression:
Phð/Þ ¼
Z
Oh
nh
mh
Qh
qh
2
6664
3
7775ds ð20Þ
where Oh represents the discrete differential operator associated
with node i. Assume that the spatial stress vector is
½mh;nh;Qh; qh. Substitution of (17) into the operator yields:
Oh ¼
N0i1 0 0 0
Ni½r0 N0i1 0 0
0 0 N0i1 1
2
64
3
75 ð21Þ
This completes the computation of the local residual vector.
5.3. Computation of tangent stiffness matrix
Now consider the discretized linearized weak form. Here, linear
shape functions are used in the discretized linear parts of the weak
form, as:
L½Ghð/h;ghÞ ¼ gh  ½fShð/hÞ þ Thð/hÞgD/h þ Phð/Þ ð22Þ
where Shð/hÞ and Thð/hÞ represent the element material stiffness
matrix and the element geometric stiffness matrix, respectively.
Now the shape functions in (17) can be incorporated into the
expressions for the material and geometric stiffness matrices. One
gets:
Shij ¼
Z
EhiP 0ð63Þ 0ð63Þ
0ð36Þ N
0
i1 Ni1
" #
C
EhjP 0ð63Þ 0ð63Þ
0ð36Þ N
0
j1 Nj1
" #T
ds ð23Þ
In this expression, Ehi contains the discrete differential operators
which are deﬁned as:
Ehi ¼
N0i1 0
Ni½r0 N0i1
" #
ð24Þ
and C is the elasticity tenor and deﬁned as:
C 1212ð Þ ¼
~C Cz
CzT @
2U
@z2
" #
The strain energy density U of a single walled carbon nanotube is
deﬁned in (6). The expression in (6) is used to calculate the elastic-
ity tensor C as follows:C¼
C 0 0
0 C 0
0 0 D
2
64
3
75
F 0 0
0 F 0
0 0 E
2
64
3
75 0½ 
0 0 0
0 0 0
G
2
G
2 0
2
64
3
75
F 0 0
0 F 0
0 0 E
2
64
3
75
A 0 0
0 A 0
0 0 B
2
64
3
75 0½ 
0 0 0
0 0 0
H
2
H
2 0
2
64
3
75
0½  0½ 
K
4
K
4þ L2 0
K
4þ L2 K4 0
0 0 L
2
64
3
75 0½ 
0 0 G2
0 0 G2
0 0 0
2
64
3
75
0 0 H2
0 0 H2
0 0 0
2
64
3
75 0½ 
I
4
I
4þ J2 0
I
4þ J2 I4 0
0 0 J
2
64
3
75
2
6666666666666666666666664
3
7777777777777777777777775
ð25Þ
The geometric tangent stiffness is obtained by evaluating the geo-
metric contribution of the tangent stiffness. The discrete form of
the geometric tangent stiffness matrix has the form:
Thij ¼
Z
0 ½nh  hN0iNj
½nhNiN0j ½mN0iNj þ ½nh  r00  ðn  r00Þ1NiNj
" #
ds
ð26Þ
Here, nh is a discretized version of n, and ½ðÞ is a
skew-symmetric matrix whose axial vector is ðÞ. This expression
of the geometric stiffness matrix has been proposed by Simo and
Vu-Quoc (1986).
5.4. Conﬁguration updating algorithm
The updating procedure for the equilibrium conﬁguration using
a Newton–Raphson strategy is presented next. In a typical iterative
method, assume the current conﬁguration Un ¼ ðrnðsÞ;RnðsÞ; znðsÞÞ
is obtained. Then solve the linearized weak form (19) for an incre-
mental deformation ðDr;Dh;DzÞ. Here, Dr is the increment of the
deformation of the centerline, Dh is the increment of the axial vec-
tor of the skew-symmetric tensor H and Dz is the incremental
deformation of the cross-section. An update procedure is given
by the formulae:
rnþ1ðsÞ ¼ rnðsÞ þ Dr;
Rnþ1ðsÞ ¼ exp½HðsÞRnðsÞ;
znþ1ðsÞ ¼ znðsÞ þ DzðsÞ
ð27Þ
It should be noted that the exponential of a skew symmetric matrix
exp½HðsÞ is an orthogonal rotation matrix. This matrix can be calcu-
lated from the axial vector Dh using quaternions. Let q ¼ q0þ
q1e1 þ q2e2 þ q3e3. Recall that quaternions can be expressed as:
q ¼ cos 1
2
Dhk k
 
þ Dh
Dhk k sin
1
2
Dhk k
 
: ð28Þ
Finally, exp½HðsÞ can be expressed by the four quaternions as:
exp½HðsÞ ¼ 2
q20 þ q21  12 q1q2  q3q0 q1q3 þ q2q0
q2q1 þ q3q0 q20 þ q22  12 q2q3  q1q0
q3q1  q2q0 q3q2 þ q1q0 q20 þ q23  12
2
64
3
75 ð29Þ
The iterations terminate when (19) is satisﬁed within a given
precision.
6. Numerical examples
In this section, several numerical examples, that illustrate the
performance of the formulation above, are presented using the ﬁ-
nite element solver. The ﬁrst example investigates the coupling be-
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Fig. 2. Coupling between extension, twist and cross-sectional deformation of an 9 6 chiral SWNT.
Fig. 3. A straight rod in the straight state reference conﬁguration representing a
nanotube: k denotes the compressive strain.
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Fig. 4. Normalized buckling load of a (10,10) nanotube as its length increases.
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Fig. 5. Bifurcation diagram of a (10,10) nanotube: Y-axis plots mid-point
displacement.
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tion and twist and cross-sectional deformation of a 9 6 chiral
SWNT. The primary objective of this example is to show that the
model above has the capability to model a chiral SWNT. The effect
of chirality is often neglected in other continuum models of
SWNTs.
It is noted that the parameters listed in Table 1 are used for the
(9,6) chiral SWNT simulations. The partial set of parameters (fromTable 1), that are active for these coupled axial extension–twist–
cross-sectional deformation mode simulations, have been obtained
from the Tersoff–Brenner potential in a consistent manner (Kumar,
submitted for publication).
The next example is concerned with the buckling behavior of a
(10,10) armchair SWNT. Its material parameters are also listed in
Table 1. The effect of chirality is dominant only in coupled
extension–twist–cross-sectional stretch modes, so the (9,6) SWNT
is used for this example. However, the bending modulus does
not change a lot when a nanotube is twisted even by 10 percent
(Kumar, submitted for publication). Hence, an armchair (10,10)
SWNT is used for buckling analysis so that buckling can be
analyzed independent of chiral effects (if any).6.1. Coupling between extension, twist and cross-sectional
deformation modes
This example is devised to show the coupling of the aforemen-
tioned deformation modes for a (9,6) chiral SWNT. The coupling
between extension and twist of a SWNT is has been reported in
Chandraseker and Mukherjee (2006). Here, a straight (9,6) chiral
SWNT with diameter 1 nm and length 10 nm is clamped at one
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Fig. 6. Normalized axial force (compressive) in a nanotube as it is compressed.
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Fig. 7. Radius of the nanotube in the straight state conﬁguration.
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Fig. 8. Radius of the nanotube in the buckled conﬁguration: applied compressive
strain is 15%.
−5
−3
−1
1
3
5
−1
1
−3
−1
1
ZX
Z
Fig. 9. Buckled conﬁguration of a nanotube at 15% applied compressive strain.
C. Fang et al. / International Journal of Solids and Structures 50 (2013) 49–56 55end against both rotation and translation but change of its radius is
allowed, while the other end is free from constraint and with pre-
scribed force and moment boundary conditions. Three different
cases are investigated here. In the ﬁrst case, the SWNT is axially
stretched from a relaxed conﬁguration. The top two curves in
Fig. 2 show the induced cross-sectional deformation due to exten-
sion and induced twist due to extension. In the second and third
cases, the SWNT is subjected to twist from a relaxed conﬁguration.
The middle two curves in Fig. 2 describe the induced cross-sec-
tional deformation due to twist in opposite directions. Finally,
the bottom two curves describe the induced extension and com-
pression due to applied twist in opposite directions.
It is seen from Fig. 2 that the usual Poisson effect (shrinkage of
the cross-section of a SWNT induced by applied axial extension) is
signiﬁcant with an average value of Poisson’s ratio around 0.3.
Fig. 2 also shows that the other couplings (extension-twist and
twist-cross-sectional deformation) are present, although rather
weak.
6.2. Euler buckling of a (10,10) SWCNT
This section presents a numerical example corresponding to Eu-
ler buckling of a (10,10) nanotube when it is compressed. The
nanotube contains 2000 carbon atoms and its radius is 0.69 nm.
The boundary conditions at the two ends are prescribed as in the
equations (30) and (31).
rað1Þ ¼ 0; a ¼ 1;2; r3ð1Þ ¼ ð1þ kÞL=2
Rð1Þ ¼ I
að1Þ ¼ bð1Þ ¼ 1:0
cð1Þ ¼ 0
ð30Þ
rað1Þ ¼ 0; a ¼ 1;2; r3ð1Þ ¼ ð1 kÞL
Rð1Þ ¼ I
að1Þ ¼ bð1Þ ¼ 1:0
cð1Þ ¼ 0
ð31Þ
The two ends are fully clamped. The axial displacements of the two
end points are prescribed through the parameter k as shown in
Fig. 3. The twelve material parameters of this nanotube were ob-
tained using the second generation Tersoff–Brenner potential (Ku-
mar, submitted for publication) and are shown in Table 1. These
material parameters satisfy all the inequality constraints for this
nanotube to be materially stable (Kumar and Mukherjee, 2011). It
may also be noted from Table 1 that the coupling parameters E, F
and H are all zero since the nanotube is not chiral.
56 C. Fang et al. / International Journal of Solids and Structures 50 (2013) 49–56Fig. 4 shows the buckling load for this nanotube as a function of
its length. The buckling load in the ﬁgure has been normalized by
the Euler buckling load formula for clamped-clamped boundary
conditions. It is observed that as the length of the nanotube in-
creases, the nanotube starts behaving more like a Euler–Bernoulli
rod and its stretching becomes insigniﬁcant. Fig. 5 shows the bifur-
cation diagram for compression of a (10,10) nanotube 12.5 nm
long. It plots the mid-point displacement of the nanotube on the
y-axis. It can be observed that after a certain critical compression
(7.7%), the straight state solution becomes unstable while a stable
buckled conﬁguration emerges. Fig. 6 shows how the axial force
(compressive) varies as compression is increased. The compressive
force in the ﬁgure has been normalized by the buckling load of the
nanotube. Interestingly, after critical compression, the compressive
axial force in the buckled conﬁguration does not change much. This
fact suggests that the nanotube is releasing its extra compressive
energy by bending itself. The next ﬁgures show how the radius
of the nanotube is affected by compression. Fig. 7 shows the radius
of a nanotube as a function of its length at 7.2% compression (just
before buckling). It is seen that there is a small transition zone in
which the radius of the nanotube changes abruptly and ﬁnally set-
tles to a ﬁxed value. More interestingly, Fig. 8 shows the same ra-
dius in the buckled conﬁguration of a nanotube. Now the lateral
surface of the nanotube becomes wavy when it buckles. A typical
buckled conﬁguration of this nanotube is shown in Fig. 9.
7. Concluding remarks
An atomistic continuum model, based on an extended Cosserat
rod theory, for mechanical deformation of a SWNT, has been pro-
posed recently(Kumar et al., 2011). The present paper carries out
a FEM implementation of this model. Geometric nonlinearity is in-
cluded in the FEM implementation. Two kinds of problems are con-
sidered in the numerical examples – coupling of extension, twist
and cross-sectional deformation of a (9,6) chiral SWNT and Euler
buckling of a (10,10) armchair SWNT.
An interesting problem is the dependence of material properties
of a SWNT on a subset of these parameters, together with the chi-
rality of the SWNT. This is a subject of ongoing work.
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